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Development of a Viscous Cascade Code
Based on Scalar Implicit Factorization

C. J. Knight* and D. Choit
Avco Research Laboratory, Inc., Everett, Massachusetts

A viscous cascade code has been developed, first for two-dimensional configurations and then extended to
three-dimensional linear cascades with flat, parallel endwalls. It employs scalar implicit approximate factoriza-
tion, a finite-volume formulation, second-order upwind differencing, and a two-equation q-u turbulence model
based on integration to the wall. A special form of the thin-layer approximation for the compressible Navier-
Stokes equations is used that gives accurate skin-friction predictions on highly skewed meshes, now based on
sheared H-grids. The two-dimensional code has been validated by considering test cases for NASA energy
efficient engine (E3) blade and vane cascade geometries. The turbulence model displays proper boundary-layer
transition behavior. The three-dimensional E3 vane cascade also has been considered with straight endwalls.
Agreement with experiment is quite good.

Introduction

RELIABLE numerical simulation of viscous flow in
turbine cascades is a challenging undertaking. Cascade

flowfields are typically transonic and quite complex, including
passage and horseshoe vortices in three dimensions. Strong
rotational effects and shocks also can be involved, the latter
primarily for compressors, but these are not the focus in the
present study. Highly skewed computational grids arise from
the dual requirements of grid periodicity and large flow turn-
ing in high-performance cascade designs. This complicates the
numerical formulation, particularly with regard to accurate
skin-friction and heat-transfer prediction. Reynolds numbers
are moderate, so boundary-layer transition is an essential part
of the phenomenology. Finally, efficiency and robustness are
key for a flow code to be incorporated into turbomachinery
engineering design methodology.

This study describes development and preliminary valida-
tion of a thin-layer Navier-Stokes code based on scalar im-
plicit approximate factorization1 for steady cascade flow-
fields. The formulation is influenced by prior work of
Coakley.2'3 This particular approach was chosen because it
can be fully vectorized4 and because implicit methods provide
good convergence characteristics on the highly refined grids
needed to resolve the viscous sublayer. Integration to the wall
was chosen as the safe alternative for complex three-dimen-
sional flow and one that could later be used to assess wall
function treatments. Theoretical studies5'6 and recent experi-
mental results7 indicate there may be a logarithmic region in
general. However, the gain in using wall functions may be
more limited than in two-dimensional due to secondary flow.
We plan to assess some of these issues now that the basic code
capability is in hand.

A two-equation turbulence model was selected with a view
to the future. A more fundamental approach is involved than
in zero-equation models, particularly with regard to transition
prediction in the presence of intense freestream turbulence.8
This is a key consideration for heat-transfer prediction and
also has impact on aerodynamic loss, as will be seen in the test
cases. Effects of streamline curvature, as well as centrifugal
and Coriolis forces in rotors are also essential ingredients.
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These have not yet been incorporated into the modeling. What
has been addressed is the key numerical issue of properly
handling turbulence source terms in the implicit update proce-
dure, which are quite stiff in the vicinity of no-slip boundaries.

In what follows, the numerical formulation and modeling is
first summarized before proceeding to preliminary code vali-
dation. Test cases are based on turbine cascade configurations
developed under the NASA energy efficient engine (E3) activ-
ity and studied experimentally by Kopper et al.9 The basic
algorithm and turbulence modeling are first assessed in two
dimensions. This includes comparison to experiment at mid-
span for both laminar flow and a two-equation model. Then
the code is extended to three-dimensional linear cascades, and
the demanding vane cascade case is executed with straight
endwalls. Comparisons with experiment illustrate the accuracy
of the present method and its potential use as a viable aerody-
namic design tool.

Flow Equations and Turbulence Model
The conservation law form of the compressible three-

dimensional Navier-Stokes equations can be written in Carte-
sian coordinates as the vector relationship

dU dF dG dH „

where (in transposed form)

UT=(p, pu, pv, pw, E)

FT= [pu, pu2 +p -TH, puv -r2i, puw -r3i,

(E +p)u - tfi - TUU - rl2v - T13w]

GT= [pV, pUV - 712, PV2 - 722, pVW - T32,

(E + p)v -q2- r2lu - T22v - T23w]

HT = [pW, pUW - TIS, pVW - T23, pW2 +P - T33,

(E + p)w -q3~ T3& - T32v - 733>v] (2)

Only a perfect gas will be considered, in which case the static
pressure and total energy per unit volume are

-Zi = •

p=PRT

+ £ (u2 + v2 + w2) (3)
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The adiabatic index 7 is assumed to be constant.
The shear stress tensor and heat flux vector components are

most simply defined in Cartesian tensor notation. Linear
forms for an isotropic medium will be employed, as

duk

dT
(4)

where (x\, jc2, *3) = (x,y,z), etc., ju and X are the two coeffi-
cients of viscosity, and K is the thermal conductivity. Since an
eddy viscosity formulation will be adopted, these relations
apply to turbulent flow as well with suitable interpretation of
/*, X, and K. Thus, ju, = pL + ^T with laminar viscosity given by
Sutherland's law and eddy viscosity by a Kolmogorov rela-
tionship. The second coefficient of viscosity X= — /x in the
present code, recognizing that dilatational contributions are
minor for transonic flows. Also, K. = ni/Pr + HT/P^T* where
constant Prandtl numbers are assumed: Pr = 0.72 and PrT =
0.9.

Boundary-conforming, generalized coordinates underlie the
computational formulation. Since the geometry for the three-
dimensional test case involves parallel endwalls, it is adequate
to restrict the coordinate transformation to A: (£,17) and X£,r/),
and the spanwise coordinate z is used directly. The strong
conservation law form becomes

8U

dy—

dF dG\ dH

dxdx
—,
drj

by
(5)

for a time-independent grid, where J = ^/(x^ — x^) is the
Jacobian determinant for the two-dimensional transformation
(x,y)*-*(£,?;). This specialized grid construction, involving
stacking in the spanwise direction, reduces metric storage
requirements and is easily generalized later. Cartesian velocity
components are used as dependent variables.

Viscous terms in Eq. (5) are incorporated via a special form
of the thin-layer approximation that has been found to main-
tain accuracy on highly skewed grids. It also involves a
significant reduction in operation count compared to other
treatments. Accuracy of this formulation was first checked by
considering Mach 0.5 flow over an isolated flat plate with
transverse gridlines inclined at an angle 0. Laminar flow with
viscosity proportional to temperature was assumed in order to
directly compare with the Blasius solution. The relative
change in skin friction was found to be 0.2%or less as 0 varied
from 90 deg (orthogonal grid) to 10 deg, the usual extreme on
a sheared grid for turbine inlet guide vanes. Shearing would
be less severe on turbine blades. Later performance in the
cascade code showed similar insensitivity to grid skewness.

Two-equation turbulence models appear to offer more long-
term potential for cascade flows, particularly in the area of
heat transfer prediction. Coakley's #-co model was selected
largely due to its numerical compatibility with asymptotic time
integration procedures.10 A drawback is that it is less tested
than the older k-e and k-u>2 models, but then no turbulence
model is well tested for cascade flow. The dependent variables
are directly related to the turbulent kinetic energy k and dissi-
pation rate e via q = ^Tk and o> = e/k; they define a turbulent
velocity scale and inverse time scale, respectively. In terms of
these variables, the eddy viscosity \LT - pC^Dq2/^, where
CM = 0.09 and D is a near-wall damping function. In two
dimensions,

D = 1 - exp( - oLPqdn /pL) (6)

was used for better robustness (compared to dependence on

pq2/o}fjLL), where dn measures normal distance to the nearest
airfoil and a = 0.0065. This was generalized to three dimen-
sions by redefining dn as a Buleev length scale incorporating z .

The conservation law form of the q-u model in Cartesian
tensor notation is

where S = (uu + uj> /)w/j as used here. Flow dilatation has been
dropped in both the turbulence source terms and the strain
rate invariant S as negligible for transonic flow, after prelimi-
nary study. Turbulence constants used are those in Coakley's
original publication: Q = 0.045 + 0.405A C2 = 0.92, Prq = \,
and Prw =1.3, where CM and D are defined above. Making Q
dependent on D is believed to be one reason that the #-co
model can be made relatively insensitive to time-step selection.

These relations assume the same basic form as Eq. (5) in
curvilinear coordinates, with added source terms. The strain
rate invariant is simplified through the thin-layer approxima-
tion using normal derivatives.

Numerical Method
The steady flow problem is solved using asymptotic time

integration based on implicit methods. This involves iterative
application of a linear relation of the form L (5t) • 6U = AUto
convergence, where dUis the change in solution over time step
5t,AU= —Rndt measures the degree of unsteadiness, and R is
the residual vector evaluated from steady flow terms in Eq.
(5). A cell-based, finite-volume formulation is used in evaluat-
ing residuals. This allows greater flexibility in grid construc-
tion, and the code is set up with generalized data structures in
mind for mixed grid topologies.11 That entails use of pointer
indices. Several component considerations are involved in im-
plementation and will be discussed individually below.

Residual Evaluation
Accuracy of the discretization scheme is essential for reli-

able aerodynamic loss prediction. For example, advanced
vane cascade designs can involve near 1% loss in stagnation
pressure, which should ideally be estimated within 10-20%
relative error (i.e., 1-2 x 10~3 on Apt/pt) for design purposes.
That level of accuracy is difficult at transonic speeds. Two
approaches were considered for evaluating residuals: upwind-
ing and central differencing plus damping. In the latter case,
both fourth-order and mixed second/ fourth-order damping
were evaluated and found inadequate on H-grids, due primar-
ily to numerical instability encountered near leading and trail-
ing edges. This might be circumvented using O-H grids. Sec-
ond-order upwinding provided good code robustness even on
H-grids and also improved accuracy.

The upwinding scheme uses Coakley's implicit, finite-
volume formulation3 with dissipation based on characteristic
increments. It is adequate to consider one term in Eq. (5), say
the £ derivative. Let F denote the transformed flux vector in
the £ direction and i denote the corresponding index at cell
center. Other indices are suppressed for convenience. Then,
discretization with S£ = 1 involves dF/d^-*F*+y2—F^y2 where
the asterisks indicate numerical damping is added to assure
near-monotone behavior; thus,

(8)
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It is important to base F*+ ./2 on interpolation of flux vectors in
order to get exact cancellation of the downwind contribution
by the dissipation function Di+ i/2, especially near shock waves.

Similarity transformations arising from characteristics the-
ory are used in evaluating the dissipation function. First,
dWi+y2 = S^ •'(£// + ! - Ui) defines characteristic increments,
where 8% is the matrix of left eigenvectors associated with the
£ direction. Then,

(9)

where A^ is a diagonal matrix of eigenvalues or characteristic
directions associated with £. Elements of S$ and A$ are evalu-
ated at the cell face / + Vi using Roe averaging.12 Similar
expressions apply in the j and k directions. Third-order up-
winding also could be implemented without major code
changes but has not been tried yet.

Note that the level of damping is selective in the sense that
it is different for each of the characteristic components. In
particular, damping tends to zero for the tangential velocity
components as a wall is approached, while remaining nonzero
for acoustic components. Thus, there is reduced contamina-
tion of viscous predictions for a given level of smoothness in
pressure variation normal to walls. This was established by
comparison to conventional damping schemes in conjunction
with central differencing, using C-grids at the time. Applica-
tion of total variation diminishing (TVD) treatments has not
been found necessary or particularly beneficial in work done
thus far.

Scalar Factored Scheme
The scalar or diagonalized version of the approximate fac-

torization algorithm is employed, a procedure best described
in stages. Without viscosity, the Jacobians of the transformed
flux vectors can be expressed as

A = B = C = (10)

where S is a matrix of left eigenvectors, A a diagonal matrix of
eigenvalues, and subscripts denote the respective directions.
Using these and making a weak wave approximation, the
general algorithm can be manipulated to find

(/ + Jdt — = Sr At/

(/ + Jdt — Az) • SzdU = 5, • 617*
oz (11)

where dU = Un + l — Un is the overall change during the time
step and AC/measures the degree of unsteadiness as explained
at the beginning of this section.

Since the A matrices are diagonal, Eq. (11) consists of a
sequence of linear transformations and scalar algebraic rela-
tions. The net result is significantly fewer operations than for
a block implicit scheme, and the reduced storage requirements
allow Gaussian eliminations to be fully vectorized.4 Further
economy results by factoring the eigenvector matrices into
their component parts.2 The important point is that the com-
ponent transformations contain many zeros, allowing multi-
plication by such elements to be excluded in the coding.

The Jacobians associated with the viscous terms are not
diagonalized by the inviscid similarity transformations. This
necessitates using an ad hoc procedure. The approach adopted
consists of adding a second derivative times the maximum
eigenvalue of the viscous Jacobian for each of the transverse

directions in Eq. (11). Central differencing is used for these
viscous contributions; and first-order up winding was found
adequate for left-side convection terms when second order
up winding is used for residuals. This assures diagonal domi-
nance of the coefficient matrices, provides acceptable conver-
gence, and reduces update cost somewhat by allowing a switch
to tridiagonal solvers. Accuracy of the steady-state solution is
not affected.

Ad hoc incorporation of turbulence source terms into the
implicit coefficient matrix, as originally suggested by Coak-
ley,10 was found less than ideal. This was replaced by a suit-
able scalar approximation to the Jacobian of the turbulence
source terms, considering only the dissipative contributions as
suggested by Viegas.13 After experimentation, it was deter-
mined that this treatment is best incorporated as a postpro-
cessing step. Thus,

dq =

(12)

where oj* = un + <5a>*, asterisks denote provisional values given
by the augmented version of Eq. (11), and C2 = 0.92. The
effect of the denominator is to limit excursions in turbulence
quantities after a sudden start, particularly near no-slip
boundaries.

Boundary Treatment
Careful boundary treatment is essential to good implicit

code performance. An immediate issue is how to implement a
fully implicit formulation, which involves several consider-
ations. Similarity transformations underlying the scalar fac-
tored scheme generally do not uncouple characteristic vari-
ables at the boundary. For example, the two acoustic com-
ponents are related by the requirements of no throughflow at
an impermeable wall. Linear superposition is used to maintain
the basic scalar philosophy in Eq. (11), while rigorously im-
posing proper cross-coupling at boundaries. Extraneous
boundary conditions also arise; for example, determination of
static pressure on walls. These are handled by using a first-or-
der accurate treatment for implicit update and then correcting
results explicitly afterward to assure full second-order spatial
accuracy. This essentially eliminates time-step restrictions as-
sociated with boundary treatment and maintains simplicity.

Several types of boundaries are involved in the cascade flow
problem. At the inflow plane, the flow angle, stagnation
temperature, and stagnation pressure are specified. The first
two conditions imply a relationship between acoustic compo-
nents during update, the latter defines the entropy increment
in terms of the incoming pressure pulse, and transverse veloc-
ity increments are related to the change in total velocity
through the flow angle. The required additional condition is
obtained by extrapolating the left-running Riemann incre-
ment, i.e., dQi = dQ2. Turbulence quantities also must be
specified. Constant values are used in two dimensions, but the
endwall boundary layer must be considered in three dimen-
sions. This involves an equilibrium assumption for co and
determination of q such that the eddy viscosity is the same as
given by the Cebeci-Smith model.14 The inflow velocity is
assumed to consist of constant velocity in the core flow region
and an endwall boundary layer described by a power law
profile plus a straight-line segment over the viscous sublayer.
Stagnation pressure also is adjusted in accordance with that
profile for three dimensions.

Static pressure is specified at the outflow plane in the
current code. This might have to be re-examined for more
extreme supercritical situations than in the test cases but per-
forms adequately for present purposes. This implies a rela-
tionship between Riemann increments (i.e., dPN = dQN), and
all other variables are treated by first^order extrapolation
during implicit update. This is subsequently corrected to sec-
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ond-order extrapolation based on upwind differencing. The
solution domain is extended beyond the experimental "exit
plane" in order to minimize possible contamination of wake
decay characteristics.

Solid boundaries on the airfoil surface and endwall involve
u = v = w - 0 and either an adiabatic or isothermal boundary
condition. Acoustic extrapolation from the interior is used
during implicit update, a procedure that gives a considerable
acoustic pulse for a sudden start. Nevertheless, no problems
with numerical stability were encountered. Only dT/dn = 0 is
considered in the test cases. This implies a relationship for the
entropy increment in terms of the pressure pulse. Boundary
conditions on turbulence quantities entail q = du/dn = 0. Re-
flected points are used in the grid construction so that normal
derivative conditions are imposed with second order accuracy
on the wall, which lies on cell faces.

Early experience showed that periodicity must be strictly
imposed during implicit update; otherwise, severe instability
can arise. This is greatly facilitated by using periodic grids in
the blade-to-blade direction so that each T\ gridline can be
considered individually. With j - 1 and j = TV on reflected
gridlines and other indices suppressed for convenience, peri-
odicity requires 6P1 = 6PA^_i, dP2 = dPN, and similarly for
other characteristic increments. The coefficient matrix is no
longer tridiagonal, but generalization of the usual Gaussian
elimination algorithm provides a solution with few added
operations.

The three-dimensional test case involves symmetry across
midspan, where w = 0. The other condition was provided by
acoustic extrapolation rather than using strict symmetry. No
stability problems arose in this case. Other variables were
treated by assuming zero span wise gradient. Strict symmetry
was imposed subsequent to the implicit update procedure,
with cell faces on the midplane.

Local Time-Step Selection
Experience has shown that more rapid convergence to a

steady-state solution is obtained by using a local time step
that is spatially varying. Dual time-step selection criteria are
employed in the viscous cascade code. In the inviscid core
region, it is reasonable to base the selection on the Courant-
Friedricks-Levy (CFL) condition for one-dimensional wave
propagation in the three coordinate directions:

• max

-*L\\u!*y-v!**\+a /(^Y + (̂ Y1
* /L ^ dy <*/\^?/ \d i7/J

d# 5^. , , ^^v
-rr-w^rl +« / ( -rr

5tz=dz/(\w\ +a) (13)

where J = l/(x^yr) — x^^), a is the local sound speed, and
suitable finite differencing is implied in the first two cases. The
value of dtc?L is then chosen as the CFL number times the
minimum of 6^, 6^, and 6^. There is an optimum value of
CFL for rapid convergence, generally in the range of 3-5.

The drawback to using dtCFL everywhere is that it gives slow
entropy wave clearing in refined grid regions. Thus, final
time-step selection is based on

dt = max (6/CFL, <$'min) (14)

where 5/CFL is defined above and 6/min allows substantially
increased CFL number in viscous dominated regions. Study in
two dimensions led to 6^min = 6^, a compromise between rapid
entropy clearing and reduced convergence due to splitting
error. This choice was particularly significant in the wake
region. Splitting errors in corner regions led to a modified
choice in three dimensions for a stacked, sheared grid,

dz (15)

where dy and dz are increments in Cartesian coordinates across
a cell in pitch wise and span wise directions, respectively, and
the corresponding maximum values are specified by the user
for grid construction. Equation (15) tends to reduce to the
two-dimensional form well away from corners.

Two-Dimensional Computational Results
Turbulence modeling was first validated by considering an

isolated flat plate at zero angle of attack. Early work consid-
ered two versions of the q-u model defined by Coakley,10 one
with the turbulence damping function defined as in Eq. (6)
and the other with D expressed in terms of the turbulent
Reynolds number p#2/co/*L. The second version was not reli-
able in properly predicting turbulent flow well downstream of
a sharp leading edge; instead, the flow remained laminar when
uniform flow properties were assumed initially. Further study
showed that a good initial guess for q and co is required for a
flat plate to assure proper convergence using damping based
on p<72/o>juL. These difficulties were eliminated by switching to
the first version, even when constant turbulence quantities
were assumed everywhere initially. All discussion hereafter
involves use of Eq. (6).

Skin-friction variation along the flat plate is shown in
Fig. 1, together with expected laminar and turbulent behavior
for comparison. The q-u model displays at least rudimentary
capability to predict laminar to turbulent transition, beginning
at Rex = 1.7 x 105. This is a reasonable possibility when tran-
sition is dominated by diffusion of freestream turbulence
through the boundary layer.8 Quantitative comparison of the
q-u model to experiment has not yet been pursued for the
intense turbulence characteristic of turbomachinery. Results
in Fig. 1 are for inflow freestream quantities q^/U^ - 0.02
and WooL/tfo = 0.17, where £/„ is the freestream speed, L the
plate chord length, and a0 the stagnation sound speed.

Figure 2 shows velocity defect decay for a flat plate with
Moo = 0.5 and ReL = 1 x 106. Distance downstream in the
wake is normalized by the boundary-layer thickness 9 at the
trailing edge. Predicted behavior is in good agreement with
experimental data of Ramaprian et al.15 Vandrome has done
computations for this case using both the k-e and k-u>2 model,
which are quite similar.16 This, together with studies of the
boundary-layer region, represents an essential demonstration
of the validity of the viscous flow formulation. As long as the
flow is attached or weakly separated, we have a reasonable
degree of confidence in the two-dimensional modeling.

0.008

0.004

TURBULENT CORRELATION
+ + Cf = 0.0592 Rex-°-2

CODE PREDICTION

0 Re 8.64 xio5

x

Fig. 1 Skin friction variation along flat plate (Moo = 0.5, /tez,
IxlO6) .
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Fig. 2 Turbulent wake defect after a flat plate (A/*, = 0.5, ReL =
1 X 106).

GRID BLOW-UP NEAR BLADE TRAILING EDGE

Fig. 3 H-grid for NASA E3 blade case (60 X 40 points).

The two-dimensional viscous cascade code is referred to as
HCAS2D, the first letter indicating that it uses an H-grid. A
typical example is shown in Fig. 3 for the NASA E3 rotor
blade configuration considered by Kopper et al.9 This 60 x 40
grid is constructed algebraically using a scheme that has speci-
fied normal spacing for the first cell off the wall, an exponen-
tially expanding mesh over the inner part of the boundary
layer, and a smooth blending into uniform spacing over the
in viscid core region. In this case, dnmin/cx = 5 x 10 ~5 was used
to property resolve the viscous sublayer, where cx is the axial
chord length. Note that the mesh wraps around the airfoil
much as an 0-grid would, as seen in Fig. 3b. The minimum
axial grid spacing near the leading edge is O.Q1 cx, and 0.003 cx
is used near the trailing edge; the respective radii are 0.066 and
0.023 cx.

The E3 blade was designed to achieve a high velocity ratio
across the rotor in a single-stage turbine. A representative case
was considered in which flow enters at Mach 0.25 with a 43
deg angle and exits at an average Mach number of 1.04 with a
15.3 deg angle. Only the inlet angle was set in the code. The

COMPUTATION

EXPERIMENT (REF

0.3
0.5

X/CX

a) q-u turbulence model

1.0

<
O

0.5

— COMPUTATION

+ EXPERIMENT (REF. 9)

0 0.5 1.0

X/CX

b) Laminar case

Fig. 4 Airfoil surface pressure distribution for E3 blade (Me = 1.1).

isentropic exit Mach number Me.= l.l, corresponding to an
isentropic expansion ratio of 0.468 at the exit plane. This is
below the design point at Me = 1.27. Since significant aerody-
namic loss occurs with the flow turning involved (122 deg),
this is a relatively easy case by computational standards. That
is the main reason a coarse viscous grid can be employed. The
Reynolds number is 5.0xlO5 based on exit conditions and
axial chord. Inlet freestream turbulence quantities #«,/
a0 = 0.0036 and ucx/a0 = 0.l2 were assumed, where a0 is the
plenum sound speed. No information on these was provided
by the experimentalists.

Figure 4 shows the predicted pressure on the cascade surface
as compared with experimental data. Note that the turbulent
solution shows somewhat stiffer pressure recovery than the
laminar case. This is caused by altered boundary-layer growth
on the suction surface just downstream of the throat due to
transition. The overall comparison is very good. Some dis-
crepancy along the early part of suction surface is presumably
due to the H-grid structure near the leading edge. Two pres-
sure dips near the pressure side trailing edge can be explained
from a velocity vector plot shown in Fig. 5. We can easily find
the stagnation point and the separation point. These two
points correspond to the pressure extreme noted in Fig. 4. This
illustrates that the thin-layer code with an H-grid topology can
plausibly handle complicated recirculating flows near the
blunt trailing edge. Unfortunately, there are no experimental
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Fig. 5 Velocity-vector plot near blade trailing edge.

Fig. 6 Mach number contours for E3 blade case.

data available to compare with this detailed predicted flow
structure.

Mach contours in Fig. 6 give an overall picture of flowfield
development for a stationary cascade. The flow accelerates
from Mach 0.25 at the inlet to a peak Mach number of 1.25 on
the suction surface near the throat and exits downstream at
near sonic conditions. Figure 7 shows axial variation of skin
friction coefficient on the suction surface, with local
freestream dynamic head estimated from wall pressure and
isentropic relations. By comparing results for laminar flow
and the #-co model, transition is seen to occur between 70 and
80% chord in the latter case. This is roughly in accord with
experimental observations. It is also interesting to note that a
laminar boundary layer would undergo substantial separation.
From Fig. 6, flow deceleration downstream of the throat on
the suction surface is implicated as an underlying factor trig-

0.20 0.40 0.60 0.80

x/CHORD LENGTH

a) q-u turbulence model

1.0

0.005 r

0.004

0.003

0.002

0.001

0.60\ O.i0 0.20 0.40

x/CHORD LENGTH

b) Laminar case

Fig. 7 Skin friction coefficient on E3 blade suction surface.

gering transition. Flow remains laminar on the pressure sur-
face in code results as in the experiment.

The predicted exit flow conditions are compared with exper-
imental data in Table 1 for the baseline cascade geometry. The
experimental flow angle is believed to be closer to 17 deg
according to Kopper et al.,9 based on continuity checks and
measured airfoil loadings; thus, agreement with mass-average
angle from the code is likely to be better than indicated. Loss
estimates also agree reasonably well with experiment even on
the coarse grid used, presumably because viscous losses are
substantial for the rotor cascade and hence dominate numeri-
cal error. The error is estimated to be about 1%. Axial varia-
tion of total pressure loss is shown in Fig. 8. Note that transi-
tion has significant influence on loss, as does base drag on the
blunt trailing edge. One reason for selecting the case consid-
ered was that the base pressure coefficient reached a minimum
at Me = 1.1 in the experiment.

A second, more demanding test case has been considered in
greater detail. The E3 vane configuration is typical of ad-
vanced turbine inlet nozzle designs, involving rapid flow accel-
eration and relatively low stagnation pressure loss. The ge-
ometry is described in detail in Ref. 9. For this case, the flow
enters at zero angle of incidence at low subsonic Mach number
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Table 1 Comparison of predicted exit flow condition
to experiment for E3 rotor on 60 x 40 grid 1.0

Condition
Computation

Experiment Laminar Turbulent

Me

Area-averaged Mach no.
Mass-averaged Apt/Pt
Exit flow angle, deg

1.1
1.044 ±0.01
0.0463 ± 0.01

15.3 ±2.5

1.1
1.06
0.0423

16.5

1.1
1.05
0.0567

16.81

co
C/5
O

LU
QC

CO
CO
LU
QC
Q_

a) q -co turbulence model

LU
DC

1
LU
cc

<
O

1.0 -

b) Laminar flow

Fig. 8 Axial variation of predicted pressure loss on 60 X 40 grid.

and exits near sonic conditions. Total flow turning is close to
80 deg. A 133 x 50 H-grid system was used for good accuracy.
The minimum axial grid spacing near the leading edge was
0.01 cx, and the grid spacing near the trailing edge was chosen
based on 10 deg angular increments to adequately describe the
circular shape of the trailing edge. Respective radii are 0.157
and 0.016 cx. Correct description of the blunt trailing edge is
very important to predict detailed flowfields there. The nor-
mal distance for the first grid point from the nonslip wall was
chosen as dnmin/cx = 1 x 10~4, well within the viscous sub-
layer. The Reynolds number is 6.4 x 105 based on exit condi-
tions and axial chord, and the inlet turbulence quantities are
the same as for the rotor case.

Results are first given for Me = 1.0, corresponding to an
isentropic expansion ratio of 0.528. Predicted surface pressure
is compared to experimental data in Fig. 9 with good agree-

P/PTOTAL

0.5

0.3

ARL COMPUTATION

EXPERIMENT (REF. 9)

0.5

x/cx

a) q -to turbulence model

1.0

P/PTOTAL

— ARL COMPUTATION

-h EXPERIMENT (REF. 9)

b) Laminar case

Fig. 9 Airfoil surface pressure distribution for E3 vane (Me = 1.0).

ment. Note that laminar and turbulent results are quite simi-
lar, in contrast to Fig. 4. Mach contours in Fig. 10 display the
rapid expansion involved in this vane design. Flow accelerates
from M — 0.1 to mildly supersonic conditions on the suction
surface just downstream of the throat and then decelerates to
near sonic conditions at the exit. Figure 11 shows variation in
skin friction on the suction surface based on laminar flow and
the q-u model. By comparing these, we can easily locate
transition behavior at 60-70% chord, as observed in the exper-
iment. Flow remained laminar on the pressure surface. This
shows again that the q-u model is promising. Unfortunately,
there is no comparable quantitative experimental skin-friction
data. Heat-transfer data are another possibility that has not
been explored thus far.

Predicted exit flow conditions are compared with experi-
mental data for two grids in Table 2. The first is a coarse grid
used in exploratory studies, and the second is the grid used in
generating results above, with both linear cell dimensions
reduced a factor of two in the inviscid core. Each grid involves
about 15 points across both the suction and pressure surface
boundary layers. The main quantity that shows grid depen-
dence is stagnation pressure loss. Comparison indicates that
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Table 2 Comparison of predicted exit flow condition to experiment
for E3 stator and two grids

Computation
Laminar Turbulent

Condition Experiment 70x40 133x50 70x40 133x50

Me

Area-averaged Mach no.
Mass-averaged Apt/Pt
Exit flow angle, deg

1.0
0.974 ± 0.02
0.02 ± 0.0016

10.6 ±0.4

1.0
0.96
0.039

10.95

1.0
0.978
0.019

10.7

1.0
0.94
0.064

11.31

1.0
0.967
0.034

10.91

SUPERSONIC REGION

Fig. 10 Mach number contours for E3 vane case.

deviation in loss predictions from experiment scales roughly as
the square of the mesh spacing in the inviscid core region, as
expected for a second-order accurate formulation. Extrapola-
tion to zero mesh size implies a pressure loss of 1.2% for
laminar flow and 2.4% for turbulent.

The deviation of loss predictions from experiment was es-
tablished to be due to numerical error by integrating stagna-
tion pressure over the inviscid core region only, where there
should be no two-dimensional loss with irrotational incoming
flow and negligible shock loss. This is illustrated in Fig. 12 for
the refined grid, showing an absolute error in mass-average
loss of about 0.3%. An explanation of the apparent dis-
crepancy between this and the error estimate that follows from
the extrapolation to zero mesh above is not available. Note
also in Fig. 12 that most of the pressure loss occurs beyond
50-70% chord and across the trailing edge, with the dominant
effect being base drag. Boundary layer transition has substan-
tial impact on predicted loss.

Preliminary Three-Dimensional Results
The three-dimensional viscous cascade code, HCAS3D, was

set up for linear cascades with a plane of symmetry at
midspan. Coordinates are stored as 64-bit arrays to eliminate
round-off error effects on the highly refined grids required for
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Fig. 11 Skin friction coefficient on E3 vane suction surface.

sublayer resolution. Also, metrics are evaluated using 64-bit
arithmetic before storage in 32-bit arrays. Otherwise,
HCAS3D is basically a single precision code. It has been
applied to the Langston cascade and to the E3 vane configura-
tion with straight endwalls. Performance in both cases is
good. In the interest of brevity and continuity of subject
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Fig. 12 Axial variation of predicted pressure loss on 133 X 50 grid.

matter, only the latter results will be discussed here. The case
considered9'17 involves Me - 0.849 and a Reynolds number of
6.41 x 105 based on exit properties and axial chordlength
(cx = 3.34 cm). The endwall boundary layer is specified at the
inlet plane in accordance with experiment, using a power law
profile exponent n =6.4.

Sheared H-grid construction was altered for the three-
dimensional computations as can be seen in Fig. 13, where
every fourth gridline is plotted for clarity. Transverse gridlines
converge from uniform spacing at the inflow and outflow
planes to highly refined boundary-layer-type grids over the
airfoil surface, starting at leading- and trailing-edge points.
This considerably relieves convergence issues in the wake re-
gion. In addition, the downstream periodic gridline has been
aligned with the mean exit flow angle at midspan. This was
known from experiment as well as prior flow computations,
but extension to a simple adaptive grid procedure is also
straightforward.

A quarter of a million grid points were used to assure
accurate stagnation pressure loss prediction and resolution of
vortical flow details. This consists of the same 131 x 66 grid
system for each x-y plane and stacking in the span wise direc-

Fig. 13 Revised grid construction in each x-y plane used in three-
dimensional computation.

tion at 30 nonuniformly spaced locations. The minimum grid
spacing normalized with respect to axial chord was 5 x 10~4 at
the endwall and normal to the airfoil surface, and the maxi-
mum grid spacing was 0.05c* in both transverse directions.
The axial grid distribution is essentially unchanged from that
for refined two-dimensional results. We had facility to handle
this relatively large problem in core on our Alliant FX/8
computer. About 22 Mbyte of memory was required including
FORTRAN code.

Very complex flow phenomenology arises in a three-dimen-
sional cascade passage, with considerable variation in spatial
scale. This is illustrated by the development of the endwall
velocity profile shown in Fig. 14 along the midline between
vanes. Flow enters in the x direction at about Mach 0.1 with a
thick endwall boundary layer as in the experiment. The same
turbulent velocity profile is used at the inflow plane for both
laminar and turbulent computations to give the same inflow
vorticity and hence similar horseshoe vortex formation. Re-
sults in Fig. 14 are for the #-o> model. The boundary layer
contracts due to rapid acceleration and then essentially restarts
at the separation line along the track of the horseshoe vortex
from saddle point to suction surface. Note the rapid develop-
ment of a strong secondary flow component that is concen-
trated close to the endwall. A substantial wake region is evi-
dent downstream and the boundary layer is very thin. Fertile
opportunity for adaptive grid procedures is evident. Sec-
ondary flow gradually decreases after the vane trailing edge,
and flow exits at about Mach 0.8 after turning 79 deg through
the cascade.

Predicted axial variation in mass-average total pressure loss
for laminar and turbulent simulations are given in Fig. 15. The
experimental data point measured 1 cm downstream of the
trailing edge also is shown for comparison, including the
estimated error bar. Prime contributors to loss are compared
at that location in Table 3. Base drag due to the blunt trailing
edge is included in profile loss and represents a major effect,
as can be seen in Fig. 15. Agreement of the q-u model with
experiment is fair. Note that secondary flow loss is consider-
ably underpredicted if laminar flow is assumed. Figure 16
shows loss contours at the experimental exit plane. Wake
development proceeds more slowly for laminar flow, as would
be expected. Flow structure details given by the q-u model are
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Fig. 14 End wall boundary evolution through E3 stator cascade along midline between vanes (total velocity profile and flow angle given vs
spanwise position for location indicated in blade passage).
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b) q-u turbulence model

Fig. 15 Three-dimensional mass-average loss predictions for E3 vane
at Me = 0.84 (experimental data point from Ref. 9).

Table 3 Comparison of three-dimensional loss predictions
for E3 stator to experiment at design point

Experiment Computation

Loss NASA CR-165567 Laminar Turbulent

Profile
Secondary
Total

0.011
0.013
0.023

0.011
0.004
0.015

0.016
0.008
0.024

in good agreement with experiment.
The spanwise distributions of mass-average total pressure

loss and exit flow angle are compared with experimental data
in Figs. 17 and 18, respectively. Note that the passage vortex
location is well predicted by the q-u model, including under-
turning toward the midspan side and overturning near the
wall. The endwall boundary layer thickness 1 cm downstream
of the vane trailing edge is also roughly correct. There is
asymmetry in experimental measurements of loss, also evident
in Fig. 16. This may be due to different surface roughness on
the two end walls, which were made of different materials.
Comparison of computational results to data on the lower
endwall should be most relevant.

a) Laminar flow

b) <?-<o turbulence model

c) Experiment (Ref. 9)

Fig. 16 Stagnation pressure contours at exit plane (x/cx - 0.328).

Conclusion
Viscous flow codes have been developed for two- and three-

dimensional linear cascades based on scalar implicit approxi-
mate factorization and a special form of the thin layer approx-
imation. These have been exercised assuming laminar as well
as turbulent flow in order to better assess performance of the
q-u model, particularly with regard to predicting boundary
layer transition. The latter capability has been only qualita-
tively assessed and not for intense freestream turbulence at
this preliminary stage. Computational results on H-grids have
been compared to experiment with good agreement. Consider-
ing the complexity of the flowfields involved, that is a very
significant achievement.

Another key consideration is computational efficiency. Per-
formance in that regard can be illustrated by considering the
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Fig. 17 Spanwise variation of mass-average loss at exit.
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Fig. 18 Spanwise variation of mass-average flow angle at exit.

sto

three-dimensional vane calculation on a 131 x 66 x 30 grid.
Code execution time is about 2.8 x 10~4 s/grid point/time
step on an Alliant FX/8 with four computing elements. This is
a multiprocessor and good hardware-supported concurrency
has been achieved with code restructuring. Simultaneous vec-
torization of the code is still in process. Roughly 800 time steps
are required for convergence with the q-u model on a grid that
resolves the viscous sublayer down to y+ — 1. Timing esti-

mates on an IBM 3090-200 scalar machine indicate 3.0 x 10~4

s/grid point/time step. This time is essentially the same as for
a good explicit Runge-Kutta code for viscous annular cas-
cades.18 Recognizing the added cost associated with a scalar
implicit scheme, a two-equation turbulence model vs Baldwin-
Lomax, and second order upwinding as compared to central
differencing plus damping, computational efficiency of the
HCAS3D code is viewed as excellent.
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